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It has been recognized that the turbulent cross helicity (correlation between the velocity
and magnetic-field fluctuations) can play an important role in several magnetohydrodynamic
(MHD) plasma phenomena such as the global magnetic-field generation, turbulence suppres-
sion, etc. Despite its relevance to the cross-helicity evolution, little attention has been paid to
the dissipation rate of the turbulent cross helicity, εW . In this paper, we consider the model
expression for the dissipation rate of the turbulent cross helicity. In addition to the algebraic
model, an evolution equation of εW is proposed on the basis of the statistical analytical theory
of inhomogeneous turbulence. A turbulence model with the modeling of εW is applied to the
solar-wind turbulence. Numerical results on the large-scale evolution of the cross helicity is
compared with the satellite observations. It is shown that, as far as the solar-wind application
is concerned, the simplest possible algebraic model for εW is sufficient for elucidating the
large-scale spatial evolution of the solar-wind turbulence. Dependence of the cross-helicity
evolution on the large-scale velocity structures such as velocity shear and flow expansion is
also discussed.
Keywords: Magnetohydrodynamic turbulence; turbulence model; cross helicity; dissipation
rate; solar wind;
1. Introduction
In the magnetohydrodynamic (MHD) turbulent flow at high magnetic Reynolds
number (Rm  1), magnetic fields are considered to be frozen in plasmas, and
move with the flow.[1] In such a flow, the induced magnetic field is often much larger
than the originally imposed field. Besides, MHD waves such as the Alfve´n wave
are considered to exist ubiquitously. The cross helicity, defined by the correlation
between the velocity u and magnetic field b, is a possible describer of such MHD
turbulence properties. Actually, the magnetic-field generation due to the turbulent
cross helicity has been investigated.[2–9]
As is well known, the total amount of cross helicity
∫
V u · bdV , as well as that of
the MHD energy
∫
V (u
2 + b2)/2 dV , is an inviscid invariant of the MHD equations.
Because of this conservative property, the turbulent densities of the MHD energy
and cross-helicity, K ≡ 〈u′2 + b′2〉/2 and W ≡ 〈u′ · b′〉, may serve themselves as a
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2 N. Yokoi
good measure for characterizing the statistical properties of MHD turbulence (u′:
velocity fluctuation, b′: magnetic-field fluctuation, 〈· · · 〉: ensemble average).
The evolution equations of K and W are similar in form, and their mathemat-
ical structures are quite simple. The evolution of K and W are determined by
three constitutes: the production, dissipation, and transport rates. Firstly, the pro-
duction rate is expressed by the correlation of turbulence fields coupled with the
mean-field inhomogeneity. We note that the production rate of turbulence quan-
tities such as 〈u′ · b′〉 can be expressed exactly in the same as the counterpart of
mean-field quantities such as U ·B, but with the opposite sign (U: the mean veloc-
ity, B: the mean magnetic field). This makes our interpretation possible that the
drain of mean-field quantity gives rise to the generation of turbulence counterpart.
So, the production rate represents how a quantity is supplied to turbulence by
way of its cascading process (See Appendix A). Secondly, the dissipation rates of
the turbulent MHD energy and cross helicity, ε and εW , whose definitions will be
given shortly in Section 2, represent the effects of molecular viscosity and magnetic
diffusivity coupled with the small-scale fluctuations. However, we stress the follow-
ing point. The dissipation rates of the turbulent MHD energy and cross helicity, ε
and εW , can be considered from another aspect. In the intermediate range of tur-
bulence, called the inertial range, the energy and cross helicity supplied from the
energy-containing range compensate the energy and cross-helicity lost in the dissi-
pation range. For this cascade picture of turbulence, the energy and cross-helicity
transfer from lower to higher wavenumber ranges are most important quantities.
In an equilibrium turbulence, ε and εW represent these transfer rates of K and
W , respectively. This makes the construction of the ε and εW equation possible as
we show later. Finally, the transport rates express the flux of a quantity that en-
ters the fluid volume through the boundary. The expression for the transport rates
suggests in what situation the quantities considered can be supplied to turbulence.
Thanks to these clear-cut pictures associated with the evolution equation, the
cross helicity (density) W , as well as the turbulent MHD energy (density) K,
may play an important role in the turbulence modeling of MHD fluids. However,
as compared with K and other pseudoscalar turbulence quantities such as the
turbulence kinetic and magnetic helicities, only a limited attention so far has been
paid to the cross helicity.
In the context of homogeneous isotropic MHD turbulence, some important in-
vestigations have been made on the decaying rate of the cross helicity or εW . It
was shown that if there is a prevailed sign of the cross helicity in the initial state,
the system goes towards a dynamically aligned state. The cross helicity scaled by
the MHD energy grows towards +1 or -1 depending on the initially prevailed sign
of the cross helicity.[10–13]
In the context of inhomogeneous MHD turbulence, the cross helicity has been
investigated mostly in the solar-wind research. By using spacecraft observations,
detailed spectra of cross helicity have been examined.[14–16] In order to explain
the large-scale behavior of the solar-wind turbulence, several models have been
proposed.[16, 17] However, investigations related to the cross helicity are mostly
concentrated on arguments of its production rate, and effects of large-scale inho-
mogeneities such as the mean velocity shear have been discussed. Matthaeus and
coworkers have employed a kind of algebraic model for the cross-helicity dissipa-
tion rate.[17–20] Adopting this algebraic model of εW , Usmanov et al. have recently
performed a series of elaborated numerical simulations on the large-scale evolution
of solar-wind turbulence.[21] However, generally speaking, arguments concerning
the dissipation rate of W are still far from sufficient.
Also in the context of the turbulence dynamo, the transport equation for the
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turbulent cross helicity has been considered, where an algebraic model for the cross-
helicity dissipation rate has been proposed.[2, 3] Sur and Brandenburg wrote down
an evolution equation for the cross-helicity effect, and argued the cross-helicity
destruction in the context of quenching mechanism.[22]
In order to examine the evolution of the turbulent cross helicity W , it is indis-
pensable to properly estimate the dissipation rate of W , εW , as well as the cross-
helicity production rate PW . We address this problem; modeling the cross-helicity
dissipation rate on the basis of a statistical analytical theory.
Spacecraft observations of solar-wind turbulence have revealed detailed informa-
tion on the large-scale behavior of turbulent statistical quantities, which includes
the radial evolution of the cross helicity both in the low- and high-speed wind re-
gions. Comparison of the satellite observations with the numerical simulation with
the aid of a turbulence model provides a good test for the cross-helicity dissipation
models. In this work, we will delve into the problem of cross-helicity dissipation
modeling by using such comparisons.
The organization of this paper is as follows. After briefly showing the evolution
equation of the cross helicity in Section 2, we present the exact equation of the
cross-helicity dissipation rate εW in Section 3. Then, we consider two candidates
for the model of εW in Section 4; one is the algebraic model and another is a
transport-equation model. These expressions are systematically derived with the
aid of a statistical analytical theory of inhomogeneous turbulence. Some features
of the adopted turbulence model, which is an expansion of the hydrodynamic k−-
type one-point turbulence model in the engineering field, are noted in Section 5.
An application of the model to the solar wind is presented in Section 6. A brief
summary is given in Section 7.
2. Equation for the cross helicity
The fluctuation velocity and magnetic field, u′ and b′, in incompressible magneto-
hydrodynamic (MHD) flow are governed by
(
∂
∂t
+ U · ∇
)
u′ = − (u′ · ∇)U + (B · ∇) b′ + (b′ · ∇)B
− (u′ · ∇)u′ − (b′ · ∇)b′ +∇ ·R−∇p′M + ν∇2u′ + f ′,(1)
(
∂
∂t
+ U · ∇
)
b′ = − (u′ · ∇)B + (B · ∇) u′ + (b′ · ∇)U
− (u′ · ∇)b′ − (b′ · ∇)u′ −∇×EM + λ∇2b′ (2)
with the solenoidal conditions
∇ · u′ = ∇ · b′ = 0 (3)
(ν: kinematic viscosity, λ: magnetic diffusivity). The primed quantities denote the
deviations from the ensemble average 〈· · · 〉 as
ϕ = ϕ+ ϕ′, ϕ = 〈ϕ〉 (4)
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with
ϕ = (ρ,u,ω,b, j, p, pM, f) , (5a)
ϕ = (ρ,U,Ω,B,J, P, PM,F) , (5b)
ϕ′ =
(
ρ′,u′,ω′,b′, j′, p′, p′M, f
′) . (5c)
Here, ρ is the density, ω(= ∇ × u) the vorticity, j(= ∇ × b) the electric-current
density, p the gas pressure, pM(= p+ b
2/2) the MHD pressure, and f the external
force. Note that the magnetic field etc. are measured in the Alfve´n-speed unit.
They are related to the ones measured in the original unit (asterisked) as
b =
b∗
(µ0ρ)1/2
, j =
j∗
(ρ/µ0)1/2
, e =
e∗
(µ0ρ)1/2
, p =
p∗
ρ
(6)
(µ0: magnetic permeability).
The Reynolds stress R and the turbulent electromotive force EM represent the
turbulence effects on the mean field. They are defined by
Rαβ ≡
〈
u′αu′β − b′αb′β
〉
, (7)
EM ≡
〈
u′ × b′〉 , (8)
respectively.
In order to describe the properties of turbulence, we consider several turbulent
quadratic statistical quantities. Among them, the turbulent MHD energy K and
the turbulent cross helicity W are defined by
K ≡ 1
2
〈u′2 + b′2〉, (9)
W ≡ 〈u′ · b′〉. (10)
From Equations (1) and (2), the evolution equations of K and W are rightly
obtained as
DG
Dt
≡
(
∂
∂t
+ U · ∇
)
G = PG − εG + TG (11)
with G = (K,W ). Here, PG, εG, and TG are the production, dissipation, and
transport rates of the turbulent statistical quantity G. They are defined by
PK = −Rab∂U
a
∂xb
−EM · J, (12a)
εK = ν
〈(
∂u′a
∂xb
)2〉
+ λ
〈(
∂b′a
∂xb
)2〉
≡ ε, (12b)
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TK = B · ∇W −∇ ·
〈(
u′2 + b′2
2
+ p′M
)
u′ +
(
u′ · b′)b′〉+ 〈f ′ · u′〉 , (12c)
PW = −Rab∂B
a
∂xb
−EM ·Ω, (13a)
εW = (ν + λ)
〈
∂u′a
∂xb
∂b′a
∂xb
〉
, (13b)
TW = B · ∇K −∇ ·
〈(
u′ · b′)u′ − (u′2 + b′2
2
− p′M
)
b′
〉
+
〈
f ′ · b′〉 . (13c)
As was already mentioned in Section 1 and Appendix A, the production rates
PK and PW represent the supply of K and W , respectively, due to turbulence
cascade. We see from the first term of Equation (12a) that the turbulent energy
is sustained by the mean velocity shear ∂Ua/∂xb. The second or J-related term
of Equation (12a) is related to the Joule dissipation of MHD turbulence. Equa-
tion (13a) shows that inhomogeneities of the mean fields coupled with the fluctua-
tion correlations are essential for PW . One is the shear of the large-scale magnetic
field, ∂Ba/∂xb, coupled with the Reynolds stress R:
PWR = −Rab∂B
a
∂xb
. (14)
The other is the large-scale vortical motion Ω coupled with the turbulent electro-
motive force EM:
PWE = −EM ·Ω. (15)
Finite positive (or negative) values of PWR and PWE infer the generation of positive
(or negative) turbulence cross helicity W by way of cross-helicity cascade. The role
of the cross-helicity production have been argued mainly in the context of turbulent
dynamo and turbulent transport suppression.
Other important mechanisms that possibly supply the cross helicity to turbulence
come from the first and last terms of Equation (13c):
TWK = B · ∇K, (16)
TWF =
〈
f ′ · b′〉 . (17)
Equation (16) shows that the inhomogeneity of K along the large-scale magnetic
field B may contribute to the supply of the cross helicity. We often meet such
situations in astrophysical phenomena where inhomogeneous turbulent plasma is
threaded through by the ambient magnetic fields.
On the other hand, Equation (17) represents the turbulent cross-helicity gen-
eration due to the coupling of the external forcing and magnetic fluctuation. As
we see in the evolution equation of the mean cross helicity U · B [Equation (A9)
in Appendix A], the coupling of the (mean) external forcing with the large-scale
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magnetic field provides the mean cross helicity. Actually, such cross-helicity gen-
eration due to an external forcing plays a crucial role in the dynamo action or
magnetic-field generation mechanism in a generalized Arnold–Beltrami–Childress
flow called the Archonitis flow.[22] In this sense, analysis of the forcing effect on
the evolution of the cross helicity is very important. It may affect the expression
of the cross-helicity flux, just as the body-force effects such as the buoyancy, frame
rotation, etc. change the scalar transport. However, this topic is beyond the scope
of this paper.
Unlike the production rates PK [Equation (12a)] and PW [Equation (13a)] and
the first or B-related terms of the transport rates [Equations (12c) and (13c)], the
definitions of the dissipation rates, ε [Equation (12b)] and εW [Equation (13b)],
do not directly contain any mean fields, but are expressed by the combination of
the molecular viscosity ν and magnetic diffusivity λ with the inhomogeneity of the
fluctuation fields. So, we need some specific treatments on them. We consider the
cross-helicity dissipation rate in the following sections.
3. Equation for the cross-helicity dissipation rate
From the equations of the fluctuation velocity and magnetic field, we construct the
exact equation for the dissipation rate of the cross helicity, εW [Equation (13b)],
as
DεW
Dt
≡
(
∂
∂t
+ U · ∇
)
εW
= (ν + λ)
〈
∂u′a
∂xc
∂b′b
∂xc
− ∂b
′a
∂xc
∂u′b
∂xc
〉
∂Ua
∂xb
+(ν + λ)
〈
∂u′a
∂xc
b′b − u′b∂b
′a
∂xc
〉
∂2Ua
∂xb∂xc
+(ν + λ)
〈
∂u′b
∂xa
∂2u′b
∂xa∂xc
+
∂b′b
∂xa
∂2b′b
∂xa∂xc
〉
Bc
+(ν + λ)
〈
∂u′c
∂xa
∂u′c
∂xb
− ∂b
′c
∂xa
∂b′c
∂xb
〉
∂Ba
∂xb
−(ν + λ)
〈
∂u′a
∂xc
∂u′b
∂xc
− ∂b
′a
∂xc
∂b′b
∂xc
〉
∂Ba
∂xb
−(ν + λ)
〈
∂u′a
∂xc
u′b − ∂b
′a
∂xc
b′b
〉
∂2Ba
∂xb∂xc
−(ν + λ)
〈
∂u′b
∂xa
∂u′c
∂xa
∂b′b
∂xc
〉
− (ν + λ)
〈
∂b′b
∂xa
∂u′c
∂xa
∂u′b
∂xc
〉
+(ν + λ)
〈
∂u′b
∂xa
∂b′c
∂xa
∂b′b
∂xc
〉
+ (ν + λ)
〈
∂b′b
∂xa
∂b′c
∂xa
∂b′b
∂xc
〉
−(ν + λ)
〈
(u′c ± b′c) ∂
∂xc
(
∂u′b
∂xa
∂b′b
∂xa
)〉
+(ν + λ)
∂
∂xc
〈
1
2
b′c
[
∂
∂xa
(
u′b ± b′b
)]2〉
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−(ν + λ)
〈
∂b′b
∂xa
∂2p′M
∂xa∂xb
〉
+ (ν + λ)
∂2
∂xc∂xc
εW
−(ν + λ) ∂
∂xc
[
ν
〈
∂u′b
∂xa
∂2b′b
∂xa∂xc
〉
+ λ
〈
∂b′b
∂xa
∂2u′b
∂xa∂xc
〉]
−(ν + λ)2
〈
∂2u′b
∂xa∂xc
∂2b′b
∂xa∂xc
〉
(18)
(both upper or both lower signs should be chosen in the double signs). This equa-
tion, lacking the connection with a conservative law, has a considerably complicated
structure. This is in sharp contrast to the K and W equations [Equation (11)].
In the hydrodynamic case with an electrically non-conducting fluid, the energy
dissipation rate
 ≡ ν
〈
∂u′a
∂xb
∂u′a
∂xb
〉
, (19)
as well as the turbulent energy Ku ≡
〈
u′2
〉
/2, plays a central role in turbulence
modeling.[23] From the equation of the velocity fluctuation, we write the  equation
exactly as
D
Dt
≡
(
∂
∂t
+ U · ∇
)

= −2ν
〈
∂u′b
∂xa
∂u′c
∂xa
∂u′b
∂xc
〉
− 2
〈(
ν
∂2u′b
∂xa∂xc
)2〉
−2ν
〈
∂u′a
∂xc
∂u′b
∂xc
+
∂u′a
∂xc
∂u′b
∂xc
〉
∂Ua
∂xb
−2ν
〈
u′b
∂u′a
∂xc
〉
∂2Ua
∂xb∂xc
+
∂
∂xc
[
−ν
〈(
∂u′b
∂xa
)2〉
− 2ν
〈
∂p′
∂xb
∂u′a
∂xb
〉]
+ν
∂2
∂xc∂xc
. (20)
The mathematical structure of this equation is also complicated because of the lack
of the connection with a conservative law.
The energy dissipation  itself is dominant at small scales. Using this, the length
and velocity scales are estimated as
|x| ∼ ν3/4−1/4, |u′| ∼ ν1/41/4, (21)
respectively. Using Equation (21), we can estimate each term in Equation (20). In
the flow at high Reynolds number (ν → 0), two terms behaving as O(ν−1/23/2)
are dominant, and these two terms should balance each other[5, 24]
− 2ν
〈
∂u′a
∂xb
∂u′a
∂xc
∂u′b
∂xc
〉
∼ 2
〈(
ν
∂2u′a
∂xb∂xc
)2〉
. (22)
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In other word, in the modeling of the  equation, it is of crucial importance to
properly estimate the two terms in Equation (22).
In the hydrodynamic turbulence modeling, an empirical model equation for :
D
Dt
≡
(
∂
∂t
+ U · ∇
)
 = C1

k
Pk − C2 
k
+∇
(
νT
σ
∇
)
(23)
was proposed and has been widely accepted as useful.
Here, C1, C2, and σ are model constants. The values of these constants have
been optimized through various applications of the k− model. Usually, the values
of
C1 = 1.4, C2 = 1.9, σ = 1.0 (24)
are adopted.[23]
Equation (23) is based on an empirical inference that the dissipation should
be larger where the turbulence is larger, and is derived by dimensional analysis.
However, it is also pointed out that the system of constants given by Equation (24)
is not a unique combination for the model constants because  equation can take
an infinite number of self-similar states.[25]
A similar argument using Equation (21) can be applied to the exact equation for
the dissipation rate of the turbulent cross helicity [Equation (18)]. The difference
between the molecular viscosity ν and the magnetic diffusivity λ is expressed by
the magnetic Prandtl number:
Pm ≡ ν/λ. (25)
If we estimate each term in Equation (18) under the simplest possible condition of
Pm = 1, we have a dominant balance between the terms expressed by
(ν + λ)
〈
∂u′b
∂xa
∂u′c
∂xa
∂b′b
∂xc
〉
∼ ν−1/2ε3/2, (26a)
(ν + λ)2
〈
∂2u′b
∂xa∂xc
∂2b′b
∂xa∂xc
〉
∼ ν−1/2ε3/2 (26b)
in the εW equation at the high Reynolds number flow.
4. Models for the dissipation of the turbulent cross helicity
4.1. Algebraic model
As was mentioned in the previous section, the equation governing the dissipation
rate of W , εW , is very complicated. In such a situation, the simplest possible model
for εW is the algebraic approximation as follows.
Using the turbulent MHD energy K and its dissipation rate ε, we construct a
characteristic time scale of turbulence as
τ = K/ε. (27)
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Other choices of time scale are possible. A large-scale magnetic field may alter
the characteristics of turbulence. In the case of MHD turbulence, the Alfve´n time
associated with the magnetic field may modulate time scale of turbulence. This
point will be referred to later at the end of Section 5.
With the aid of the time scale of Equation (27), the dissipation rate of W can
be modeled as
εW = CW
W
τ
= CW
ε
K
W, (28)
where CW is the model constant. Namely, we consider the dissipation of the tur-
bulent cross helicity is proportional to the turbulent cross helicity divided by the
time scale.
It is worth noting a mathematical constraint on the cross helicity. Namely, the
magnitude of the turbulent cross helicity W is bounded by the magnitude of the
turbulent MHD energy K as
|W |
K
=
|〈u′ · b′〉|
〈u′2 + b′2〉/2 ≤ 1. (29)
This relation constrains the value of εW . Actually, from Equation (11), the turbu-
lent cross helicity scaled by the turbulent MHD energy, W/K, is subject to
D
Dt
W
K
=
W
K
(
1
W
DW
Dt
− 1
K
DK
Dt
)
=
W
K
(
1
W
PW − 1
K
PK
)
− W
K
(
1
W
εW − 1
K
ε
)
+
W
K
(
1
W
TW − 1
K
TK
)
. (30)
Equation (30) is a very general expression for the evolution equation of the scaled
cross helicity, W/K, which should be satisfied with in any situations of turbulence
flow. If we consider homogeneous turbulence, where the spatial variations of mean
quantities vanish, we have neither production nor transport rate (PG = TG = 0).
In such a case, Equation (30) is reduced to
∂
∂t
W
K
= −
(
1
W
εW − 1
K
ε
)
W
K
. (31)
This may give a constraint on the values of the dissipation rates of the turbulent
MHD energy and cross helicity, ε and εW . At least, Equation (31) provides us with
a constraint for the turbulence modeling of ε and εW as we see in the following.
If the coefficient of W/K or parenthesized quantity in Equation (31) does not
depend on W/K, which occurs naturally when we adopt simple algebraic models
for ε and εW as below, in order for the magnitude of the scaled cross helicity to
be bounded in time evolution, the parenthesized quantity should be positive. Then
we have inequality
|εW |
ε
>
|W |
K
. (32)
Provided that the difference between the time scales of W and K is independent of
November 5, 2018 15:38 Journal of Turbulence n˙yokoi˙JOT-2010-0067˙proof
10 N. Yokoi
W/K, this is a necessary condition for εW in relation to ε arising from the upper-
boundedness of W [Equation (29)]. Actually, if we adopt simple algebraic models
for ε and εW such as
ε =
K
τ
, εW = CW
W
τ
, (33)
the parenthesized quantity in Equation (31) does not depend on W/K. Then we
have inequality (32), which gives a constraint on the model constant CW as will
be seen later in Equation (88) in Section 6.2.
In the context of homogeneous MHD turbulence, since the pioneering work by
Dobrowolny, Mageney & Veltri[10, 11], it had been considered that the initially
prevailing cross helicity grows with time due to the nonlinear interaction towards
the +1 (or −1) value of the scaled cross helicity (Also see [12, 13]). However, fur-
ther investigation by Ting et al.[26] and Stribling & Matthaeus[27] showed that
MHD turbulence has diverse possibilities for long time evolution, including either
growth or reduction of W/K. In contrast to such homogeneous MHD turbulence,
in inhomogeneous MHD turbulence with non-vanishing mean velocity shear, we
have production, dissipation, and transport mechanisms of the turbulent cross he-
licity arising from or related to the inhomogeneity of mean fields. In the present
work, we explore these mechanisms intrinsic to the inhomogeneities of MHD tur-
bulence. There have been several works where the effects of mean velocity shear
are incorporated into the evolution equations of turbulent quantities including the
turbulent cross helicity. In this sense, this work is in the same line with [18–20],
and also [28–30]. However, in the present work, special emphasis is placed on the
theoretical derivation of the turbulent cross-helicity dissipation-rate equation as
will be shown in the following sections.
Here, we had better remark on the notation of the scaled cross helicities. The tur-
bulent cross helicity scaled by the turbulent MHD energy, W/K [Equation (29)], is
“dynamically” important in the context of turbulent dynamo etc. There is another
scaled cross helicity
Γ =
〈u′ · b′〉√〈u′2〉〈b′2〉 (34)
that is “kinematically” or geometrically important, since it represents the degree
of alignment of the velocity and magnetic-field vectors. In the solar-wind turbu-
lence community, the former, W/K, is often referred to as “σC”. However, in the
“general” turbulence community, this is not the case; Some use “ρC” for this quan-
tity, others do “ρ”, and so on. Hence, in this paper, we confine ourselves to just
mentioning these notation conventions.
Interestingly, the directional alignment expressed by Γ has shown to be robust
rather than the behaviour of W/K.[31] This tendency is related to the fact that,
unlike Γ, W/K may dynamically change its value depending on how much differ-
ently the turbulent MHD energy and cross helicity, K and W , are influenced by
the large-scale shears. This point will be referred to later in Sec. 6.4.
4.2. Model equation for the cross-helicity dissipation rate (εW equation)
The equation of the K dissipation rate, ε equation, can be written as
∂ε
∂t
+ (U · ∇) ε = Cε1 ε
K
PK − Cε2 ε
K
ε+∇ ·
(
νK
σε
∇ε
)
. (35)
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This is a direct expansion of the hydrodynamic (HD) or non-MHD turbulence
energy dissipation  equation (23). The model constants in Equation (35) are same
as the ones appearing in Equation (23). This is a consequence of the requirement
that the ε equation for MHD turbulence should be reduced to the  equation for
the HD in the limit of the vanishing magnetic field (B = 0,b′ = 0).
We see from Equation (11) that the equations of W and K are written in a
similar form. So, it is natural to consider that the equation of the dissipation rate
of W , εW , can be expressed in a form similar to the equation of the K dissipation
rate ε. Then we may consider the equation for εW as
DεW
Dt
= CW1
ε
K
PW − CW2 ε
K
εW +∇ ·
(
νK
σεW
∇εW
)
, (36)
where CW1, CW2, and σεW are model constants.
In contrast to the MHD energy, the cross helicity, defined by the correlation
between the velocity and magnetic field, vanishes in the limit of the vanishing
magnetic field. As this result, as far as the εW equation is concerned, we can not
make use of the knowledge accumulated in the history of HD turbulence mod-
eling. To say nothing of the model constants CW1, CW2, and σεW appearing in
Equation (36), we have to consider the structure of εW equation itself from more
fundamental basis. For this purpose, in the following we will construct the equation
for the cross-helicity dissipation rate on the analytical theoretical basis.
From the theoretical analysis of inhomogeneous MHD turbulence, the cross-
helicity density defined by W ≡ 〈u′ · b′〉 is expressed as
W = 2I0{Qub} − I0
{
GS,
D
Dt
(Qub +Qbu)
}
, (37)
where we have used abbreviated forms of spectral and time integrals:
In {A} =
∫
A(k,x; τ, τ, t)k2ndk, (38a)
In {A,B} =
∫
dk k2n
∫ τ
−∞
dτ1A(k,x; τ, τ1, t)B(k,x; τ, τ1, t). (38b)
In Equation (37), GS is the Green’s function, and Qub and Qbu are the correlation
functions related to the basic or lowest-order fields u′B and b
′
B:〈
u′B · b′B
〉
= 2
∫
Qub(k; τ, τ)dk. (39)
For the derivation of Equation (37) and higher-order expression for W , see Ap-
pendix B. Suggestions from the higher-order expressions for the cross-helicity dis-
sipation model are also presented in Appendix C.
We assume that the correlation function and the Green’s function in the inertial
range are expressed as
Qub(k,x; τ, τ
′, t) = σW (k,x; t) exp
[−ωW (k,x; t)|τ − τ ′|] , (40)
GS(k,x; τ, τ
′, t) = θ(τ − τ ′) exp [−ωS(k,x; t)(τ − τ ′)] , (41)
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where θ(τ) is the Heaviside’s step function that is 1 and 0 for τ > 0 and τ < 0,
respectively. Here, σW is the power spectra of the turbulent cross helicity, and ωW
and ωS represent the frequencies or time scales of fluctuations. As for the spectra
in the inertial range, we assume
σW (k,x; t) = σW0ε
−1/3εW (x; t)k−11/3, (42)
and for the time scales,
ωS(k,x; t) = ωS0ε
1/3k2/3 = τ−1S , (43)
ωW (k,x; t) = ωW0ε
1/3
W k
2/3 = τ−1W (44)
(σW0, ωS0, and ωW0 are numerical factors). Equation (42) arises from the assump-
tion that the spectrum of the cross helicity is determined by the scale, energy and
cross-helicity transfer rates; k, ε and εW .
Using Equations (40) and (41), W is calculated as
W = 2
∫
dk ε−1/3(x; t)εW (x; t)k−11/3
−2
∫
dk
[
1
ωS + ωW
DσW
Dt
− σW
(ωS + ωW )2
DωW
Dt
]
. (45)
From the inertial-range forms (42)-(44), this can be rewritten as
W = 4 · 2piε−1/3εW
∫
|k|≥kC
dk k−5/3
−4 · 2pi σW0
ωswε
1/3
sw
∫
|k|≥kC
dk k4/3
D
Dt
[
ε−1/3(x; t)εW (x; t)k−11/3
]
+4 · 2pi σW0ωW0
(ωswε
1/3
sw )2
ε−1/3εW
∫
|k|≥kC
dk k−3
D
Dt
[
ε
1/3
W (x; t)k
2/3
]
(46)
(kC: cut-off wave number). Here, we have introduced a synthesized time scale τSW
defined by
1
τSW
=
1
τS
+
1
τW
=
(
ωS0ε
1/3 + ωW0ε
1/3
W
)
k2/3 ≡ ωswε1/3sw k2/3. (47)
We should note that ωsw and εsw will appear only in the combination of ωswε
1/3
sw ;
each of ωsw and εsw has no definite meaning. For simplicity of notation, hereafter
we denotes
AW (ωS0, ωW0) ≡ ωW0ε
1/3
W
ωswε
1/3
sw
=
ωW0ε
1/3
W
ωS0ε1/3 + ωW0ε
1/3
W
=
τSW
τW
. (48)
In Equation (46), the lower bound of the spectral integral region, kC, is directly
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connected to the largest eddy size of turbulent motions as
`C = 2pi/kC, (49)
which dominantly contributes to and determines the turbulent MHD energy and
cross helicity. Strictly speaking, the correlation length of the cross helicity, `W , can
be different from that of the MHD energy, `K . However, if we consider the fact that
the characteristic lengths of turbulence represent the scales of the largest turbulent
motion corresponding to the scales with largest magnitudes of the turbulent MHD-
energy and cross-helicity spectral densities, we see that in order for the length
scales of the MHD energy and cross helicity to be considerably different from each
other, the spectral distributions of the MHD energy and cross helicity should be
entirely different from each other. This is not the case, for instance, in the case
of the solar-wind turbulence. Actually, in most cases of interests, these two length
scale are similar to each other. In this sense, we can regard the characteristic
lengths of the energy and cross helicity are approximately the same, and we denote
`W ' `K(≡ `C) hereafter. In this respect, extensive discussions of correlation length
scales as well as time scales found in Matthaeus et al.[32] and Hossain et al.[33]
are very important.
With this point in mind, we perform the Lagrange derivatives and calculate the
spectral integrals in Equation (46). Denoting the scaled wave number
s = k/kC, (50)
we have
W = 4 · (2pi)1/3σW0ε−1/3εWk2/3C
∫
s≥1
ds s−5/3
−4 · 2pi σW0
ωswε
1/3
sw
k
7/3
C
∫
s≥1
ds s−7/3
D
Dt
[
ε−1/3(x; t)εW (x; t)k
−11/3
C
]
+4 · 2pi σW0ωW0
(ωswε
1/3
sw )2
ε−1/3εWk−2C
∫
s≥1
ds s−7/3
D
Dt
[
ε
1/3
W (x; t)k
2/3
C
]
. (51)
Using Equation (49), we calculate Equation (51) to obtain
W = 6 · (2pi)1/3σW0ε−1/3εW `2/3C
+
1
(2pi)1/3
σW0
ωswε
1/3
sw
ε−1/3εW `
4/3
C
{
1
ε
Dε
Dt
− [3−AW (ωS0, ωW0)] 1
εW
DεW
Dt
+ [11− 2AW (ωS0, ωW0)] 1
`C
D`C
Dt
}
. (52)
In hydrodynamic turbulence modeling, the turbulent energy Ku(≡ 〈u′2〉/2), its
dissipation rate , and the correlation or integral length `C are equivalently impor-
tant. For the purpose of closing the system of model equations, we can select any
combination of Ku, , and `C. This is known as the transferability of the model
with respect to Ku, , and `C. In order to satisfy this transferability requirement,
these quantities should be connected with each other in an algebraic relation:
Ku = CK
2/3`
2/3
C . (53)
November 5, 2018 15:38 Journal of Turbulence n˙yokoi˙JOT-2010-0067˙proof
14 N. Yokoi
This transferability requirement gives a theoretical foundation of the energy-
dissipation-rate equation (23).[34]
Relation (53) itself has been argued for a long time. As for the theoretical and
experimental basis for this relation, the reader is referred to classical papers [35, 36]
and also to Batchelor’s book [37] and works cited therein. As for the simple physical
arguments for this relation, see [38–40]. Here, we just point out that this relation
is easily obtained if we assume the local equilibrium of turbulence; PKu '  with
the notion of the mixing length. Then we can estimate the dissipation rate as
 ' PKu = −〈u′au′b〉∂U
b
∂xa
∼ uuu
`
(54)
(u: characteristic intensity of turbulence, `: mixing length). This is equivalent to
Equation (53).
In the context of theoretical derivation of  equation, it is the algebraic property
of Equation (53) that is much more important. If the relation is not algebraic, we
have no transferability among any combination of Ku, , and `C at all.
We expand the transferability requirement to the model equation related to the
cross helicity. For this purpose, we solve Equation (52) concerning `C in a pertur-
bational manner. At the lowest-order, we have
W = 6(2pi)1/3σW0ε
−1/3εW `
2/3
C (55)
or
`C = 6
−3/2(2pi)−1/2σ−3/2W0 ε
1/2ε
−3/2
W W
3/2. (56)
The transferability of model requires an algebraic relation among W , ε, εW , and
`C. Equations (55) and (56) correspond to such a relation.
Using Equation (56), we change expression (52) based on ε, εW , and `C into the
one based on ε, εW , and W . We require Equation (55) or (56). As a result, we have
DεW
Dt
= C1(ωS0, ωW0)
εW
ε
Dε
Dt
+ C2(ωS0, ωW0)
εW
W
DW
Dt
(57)
with
C1(ωS0, ωW0) =
13−AW (ωS0, ωW0)
39− 8AW (ωS0, ωW0) , C2(ωS0, ωW0) =
33− 6AW (ωS0, ωW0)
39− 8AW (ωS0, ωW0) .
(58)
If the cross-helicity time scale can be treated as similar to the time scale associated
with the Green’s function:
ωS0ε
1/3 ' ωW0ε1/3W , (59)
AW (ωS0, ωW0) [Equation (48)] can be estimated as
AW (ωS0, ωW0) ' 1/2. (60)
Then we have model coefficients
C1(ωS0, ωW0) ' 12
35
' 0.34, C2(ωS0, ωW0) ' 6
7
' 0.86. (61)
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If we substitute equations of ε and W into Equation (57), we finally obtain
DεW
Dt
= CεW 1
εW
K
PK − CεW 2
εW
K
ε+ CεW 3
εW
W
PW − CεW 4
εW
W
εW (62)
with
CεW 1 = C1Cε1, CεW 2 = C1Cε1, CεW 3 = CεW 4 = C2 (63)
[Cε1 and Cε2 are given as Equation (24)].
From Equation (55), we shortly have
εW = 6
−1(2pi)−1/3σ−1W0
W
τ
(64)
with
τ = ε−1/3`2/3C . (65)
This corresponds to the simplest possible algebraic model [Equation (28)] for the
cross-helicity dissipation rate. In other word, the simplest possible algebraic model
for the cross-helicity dissipation corresponds to the scaling of Equation (42).
In the presence of a mean magnetic field, turbulence deviates from the isotropic
state and the resulting anisotropic effects should be taken into account (See e.g.,
[41]). As is shown in Appendix C, in the present formalism, we can take the effects
of mean magnetic field and large-scale rotation into consideration, and obtain the
the cross-helicity dissipation equation with such effects incorporated. Related to
this point, we should make the following remarks. In this work, we assume an
isotropic form Equation (42) for the basic or lowest-order fields, u′B and b
′
B, but
the deviations from homogeneous isotropic state are taken into consideration from
the higher-order contributions related to the inhomogeneity of mean velocity and
the presence of the mean magnetic and vorticity fields. In this sense, the turbulence
fields themselves are neither isotropic nor homogeneous in this work. However,
this point never denies the importance of incorporating the anisotropy effects into
the basic fields. This is a very interesting topic in the theoretical formulation of
inhomogeneous turbulence, and will be reported in the forthcoming paper.
5. A model for MHD turbulence
One of the prominent features of turbulence is its wide ranges of scales. We have
continuous scales of motions ranging from the energy-containing scale, in which
energy is injected to turbulence through the inhomogeneity of mean fields, to the
dissipation or Kolmogorov scale where the dissipation plays a dominant role. Owing
to this breadth of scales, it is impossible in the foreseeable future to simultaneously
solve all the scales of turbulence at the high Reynolds number encountered in the
real-world flow of interests. In such a situation, the notion of turbulence modeling
provides a useful tool for analyzing the real-world turbulence phenomena. In the
turbulence modeling, small-scale motions are modeled, and turbulence effects are
incorporated into the analysis of the large-scale or mean motions.
In an MHD fluid, the mean fields obey
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Equation of continuity:
∂ρ¯
∂t
+∇ · (ρ¯U) = 0, (66)
Momentum equation:
∂U
∂t
+∇ · (UU−BB) = −∇PM −∇ ·R+ ν∇2U, (67)
Magnetic induction equation:
∂B
∂t
= ∇× (U×B) +∇×EM + λ∇2B, (68)
Solenoidal condition for the magnetic field:
∇ ·B = −1
2
(B · ∇) ln ρ¯. (69)
Here, ρ¯ is the mean density. For the sake of simplicity, the fluctuation part of the
density has been neglected (ρ′ = 0). Measured in the Alfve´n-speed unit [Equa-
tion (6)], the solenoidal condition of the original mean magnetic field:
∇ ·B∗ = 0 (70)
is expressed as Equation (69).
Equations (67) and (68) show that the Reynolds stress R and the turbulent
electromotive force EM defined by Equations (7) and (8), represent the turbulence
effects in the mean-field equations. Estimating these correlations is of central im-
portance in the study of inhomogeneous turbulence. In order to close the system
of equations, they should be modeled in terms of the mean-field quantities. Here,
we adopt
Rαβ = 2
3
KRδ
αβ − νKSαβ + νMMαβ, (71)
EM = αB− β∇×B + γ∇×U, (72)
where S and M are the strain rates of the mean velocity and the mean magnetic
field:
Sαβ = ∂U
a
∂xb
+
∂U b
∂xa
− 2
3
δαβ∇ ·U, (73a)
Mαβ = ∂B
a
∂xb
+
∂Bb
∂xa
− 2
3
δαβ∇ ·B. (73b)
We should note that the transport coefficients appearing in Equations (71) and
(72), νK, νM, α, β, and γ, are not adjustable parameters, but should be determined
self-consistently through the dynamic properties of turbulence. They in general
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depend on location and time. In this work, we adopt model expressions for them
as
α = CατH, β =
5
7
νK = CβτK, γ =
5
7
νM = CγτW, (74)
where
H ≡ 〈−u′ · ω′ + b′ · j′〉, (75)
and τ denotes the time scale of turbulence. The model constants Cα, Cβ, and Cγ
are estimated as[5]
Cα ' 0.02, Cβ ' 0.05, Cγ ' 0.04. (76)
In the Reynolds-averaged turbulence model, properties of turbulence are repre-
sented by some statistical quantities. We adopt the turbulent MHD energy K, its
dissipation rate ε, the turbulent cross helicity W , the cross-helicity dissipation rate,
εW , and the turbulent residual energy KR as the turbulence statistical quantities.
The definition of them are given by K [Equation (9)], W [Equation (10)],
KR ≡ 1
2
〈
u′2 − b′2〉 , (77)
and the dissipation rates of the turbulent MHD energy and cross helicity, ε [Equa-
tion (12b)] and εW [Equation (13b)], respectively.
In this work, we assume the α- or turbulent residual-helicity-related term in
Equation (72) is much smaller than the γ- or cross-helicity-related term, and neglect
the former. So, we do not include the evolution equation of H. As for the modeling
of H equation and inclusion of it into the turbulence model, see [5, 30, 42]. Related
to this point, the equations of kinetic helicity in HD turbulence and in MHD
turbulence are an interesting subject. For these topics, the reader is referred to [43]
for the HD case and [44] for the MHD case.
If we take the effects of mean-density variation into account, the evolution equa-
tions for the statistical quantities are written as
∂K
∂t
= − (U · ∇)K − 1
6
(3K +KR)∇ ·U
+
1
2
(νKS2 − νMS :M) + βJ2 − γΩ · J
−ε+∇ · (WB) +∇ · (νK∇K) , (78)
∂W
∂t
= − (U · ∇)W − 1
2
W∇ ·U
+
1
2
(
νKS :M− νMM2
)
+ βΩ · J− γΩ2
−εW +∇ · (KB) +∇ ·
(
νK
σW
∇W
)
, (79)
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∂KR
∂t
= − (U · ∇)KR − 1
6
(K + 3KR)∇ ·U
+
1
2
νR(S2 −M2)− εR +∇ ·
(
νK
σR
∇KR
)
, (80)
where S2 = SabSab, S :M = SabMab, etc. Here νR denotes the residual turbulent
viscosity defined by
νR = νK
KR
K
. (81)
We should note that Equations (78) and (79) are very similar to equations found
in Matthaeus et al.[32]
The dissipation rate of the turbulent energy, ε, in Equation (78) is given by Equa-
tion (35). The dissipation rate of the turbulent cross helicity, εW [Equation (13b)],
is estimated by Equation (28) or alternatively, by Equation (62).
The dissipation rate of KR, εR, in Equation (80) can be expressed as[28]
εR =
(
1 + Cr
B2
K
)
ε
K
KR. (82)
Here, Cr and σR are positive model constants. The large-scale behavior of KR
depends on the choice of these constants. At this stage of modeling, we do not
insist on fine tuning of the model constants, but roughly put them
Cr = 0.01, σR = 1.0. (83)
Equation (82) as a whole will destroy the turbulent residual energy, and re-
turn MHD turbulence to equipartition. The first part in the parentheses of Equa-
tion (82) represents the KR destruction due to the eddy distortion. The second
part represents the destruction of KR due to the mean magnetic field. The latter
corresponds to the Alfve´n effect, in which the presence of the mean magnetic field
leads MHD turbulence to an equipartition state between the kinetic and magnetic
energies.[28, 45–47] In connection with the anisotropy and residual energy, sev-
eral numerical studies have recently been performed in the presence of a uniform
magnetic field. For this interesting topic, see [48–50] and works cited therein.
Equation (82) may be reinterpreted as the modulation of MHD-turbulence time
scale due to the mean magnetic field:
τ =
K
ε
→
(
1 + χ
B2
K
)−1
K
ε
, (84)
where χ(= Cr) represents the synthesization ratio of time scales. Equation (83)
infers that we should put the ratio as
χ = O(10−2). (85)
As for an example considering the synthesized time scale of MHD turbulence, you
are referred to [30] and references cited therein.
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6. An application to the solar-wind turbulence
6.1. Solar-wind turbulence
Solar wind is a continuous plasma flow blown away from the coronal bases to the
solar-system space. Its origin is considered to be the violent magnetic activities on
the solar surface. The streams from the low- or mid-latitude region whose typical
speed is 400 km s−1 are called the slow wind. On the other hand, the streams from
the high-latitude region such as coronal hole whose typical speed is 800 km s−1 are
called the fast wind. It is known that the slow wind has a large velocity shear, while
the fast wind has substantially no velocity shears. The influence of an explosive
magnetic activity on the solar surface is conveyed to the magnetosphere of the Earth
within several days, and terrestrial environments may be affected much. A direct
exposure to a high-energy particle convected by the solar wind is quite harmful to
astronauts and electric devices on the satellite. So it is highly desirable to predict
the behavior of the solar wind: A problem of the space weather (Figure 1).
bo
w s
hoc
k
magnetopause
plasmasphere
solar wind
Sun
Earth
corona
Figure 1. Solar wind and terrestrial environments. The solar wind, a high speed plasma flow of sev-
eral hundreds km s−1, interacts with the terrestrial magnetosphere to induce several phenomena such as
substorms, auroras.
Satellite observations have revealed the statistical properties of the solar-wind
turbulence including the velocity, magnetic field, density, etc. It has been investi-
gated how MHD turbulence evolves in the large-scale velocity and magnetic-field
structures.[14–16] According to the observations, the solar-wind turbulence shows
a strong Alfve´nicity near the Sun. Namely, there is a strong correlation between
the velocity and magnetic-field fluctuations, and equipartition between the kinetic
and magnetic turbulent energies is realized. At the same time, it is pointed out
that this Alfve´nicity decays as the heliocentric distance increases.[16] One of the
main unsolved problems in this field is the spatial evolutions of the turbulent cross
helicity W and the Alfve´n ratio rA.[51]
The magnitude of the scaled turbulent cross helicity, |W |/K, whose value is
almost unity near the Sun, decreases as the heliocentric distance increases. In the
region with larger mean-velocity shear, the decay rate of |W |/K is larger. The value
of |W |/K far from the Sun is small (0 − 0.2). On the other hand, in the region
with smaller mean-velocity shear, the decay of |W |/K is suppressed. The value of
|W |/K remains to be large (0.4 − 0.7) even far from the Sun.[52] The previous
models could not reproduce this large value of the scaled W in the region with
small or almost no mean-velocity shear.
On the other hand, the Alfve´n ratio rA is defined by the ratio of the turbulent
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kinetic and magnetic energies:
rA ≡ 〈u
′2〉
〈b′2〉 . (86)
This ratio is almost unity near the Sun, then decreases with the heliocentric dis-
tance. At about 3 AU (astronomical unit: 1 AU = 1.5 × 1011 m) from the Sun,
rA reaches 0.5 and thereafter remains to be the same (∼ 0.5) with the heliocentric
distance as long as the observations exist:
rA ' 0.5 for r & 3 AU. (87)
Previous research could not properly explain this stationary value of 0.5.[16]
In this work, we address these problems from the viewpoint of the turbulence
model. In particular, we examine how the large-scale spatial evolution varies as the
model expression for the turbulent cross-helicity dissipation rate changes.
6.2. Numerical simulations
We examine the evolution of the turbulent statistical quantities under the pre-
scribed mean velocity and magnetic field. The basic set-up of the numerical simula-
tion is the same as the previous work, so, for the details of the numerical simulation
the reader is referred to [29, 30]. For the choice of the mean fields, we fully utilize the
current theory and modeling of the solar wind. The magnetic rotator model of the
solar wind takes the effects of rotation and magnetic field into consideration, and
known to be a good approximation for the mean velocity and magnetic field of the
solar wind.[53, 54] However, its large-scale velocity and magnetic-field shears are
weak as compared with the large-scale shears in the slow–fast-wind and magnetic-
sector boundaries. So, the adopted mean-field profile is suitable for representing
relatively calm flow fields within one magnetic sector.
First, we adopt the algebraic expression [Equation (28)] for the dissipation of the
turbulent cross helicity. In this case, Equation (32) is rewritten as
CW > 1. (88)
Namely, the model constant CW for εW in the W equation should be larger than
the counterpart (= 1) for ε in the K equation.
In this work, we adopt
CW = 1.4, σW = 1.0. (89)
Here, we should note the following point. In the previous work, CW = 1.8 was
adopted for the algebraic model constant for εW .[29] As was mentioned above, the
assumed mean fields correspond to a weak-shear case in which W is expected to
show no considerable decay. If we consider this fact, we see that the less dissipative
value for CW [Equation (89)] is more suitable than the more dissipative value of
CW = 1.8 previously adopted.
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6.3. Results
6.3.1. Alfve´n ratio
The simulated Alfve´n ratio rA is shown in Figure 2 with the comparisons with
the observations and with the previous work.
1.5
1.0
0.5
0.0
rA
1086420
r (AU)
Figure 2. The radial evolution of the Alfve´n ratio rA. •: observations by Roberts et al.[15]; ——: the
present model; · · · · · · : the present model with enhanced shear. Previous work, - - -: Zhou and Matthaeus[17];
— — —: Tu and Marsch[55]. For much recent work for comparison, the reader is referred to Breech et
al.[20]
The evolution of Alfve´n ratio rA does not depend so much on the value of CW . In
the case of higher velocity shear (the dotted line in Figure 2), the large scale evolu-
tion of rA shows a more stationary behavior in space, which is in better agreement
with the observations. As was already mentioned, if we made the fine tuning of Cr
value, the agreement of the simulation results and observations becomes better. In
this work, however, we do not do such fine tuning, and made only a rough estimate
of the constants as in Equation (83).
In Equation (80), the turbulent residual energy equation contains a term related
to the expansion of the large-scale flow through ∇ ·U:
PKR1 = −1
6
(K + 3KR)∇ ·U. (90)
In the solar-wind turbulence, the dominance of Alfve´n-wave effects would give an
equipartition of the kinetic and magnetic energies near the Sun. Therefore, we have
KR = 0 for the inner boundary near the Sun. Since the turbulent MHD energy is
always positive (K > 0), we have negative contribution from PKR1 near the Sun:
PKR1 ' −1
6
K∇ ·U < 0, (91)
which produces a negative residual energy (KR < 0), i.e., magnetic dominance
there. Due to this negative production, the magnitude of negative KR increases
until its value reaches
K + 3KR = 0. (92)
If the magnitude of KR becomes larger than K/3, the sign of the production PKR1
reverses to positive, then the production of negative KR is stopped. This infers
that KR = −K/3 is an equilibrium state of MHD turbulence in the expanding
solar-wind geometry with equipartition at the inner boundary (Figure 3).
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U
t
KR
– K/3
0
Figure 3. Expansion effect and equilibrium of the turbulent residual energy. (Left) Flow expansion. (Right)
Schematically depicted equilibrium state of the turbulent residual energy KR. From the equipartition state
(KR = 0) near the Sun, KR starts decreasing towards the equilibrium value of KR = −K/3.
We should note the fact that the Alfve´n ratio of 0.5 corresponds to the KR/K
of −1/3 as
rA =
〈u′2〉
〈b′2〉 =
1
2
↔ KR
K
=
〈u′2 − b′2〉
〈b′2 + u′2〉 =
1− 2
1 + 2
= −1
3
. (93)
Equation (92) is suggestive for the explanation of the observed value of the Alfve´n
ratio rA ' 0.5. In the expanding solar-wind flow, due to the negative KR produc-
tion by PKR1, a state of magnetic dominance is realized. However, the magnitude
of KR can not exceed K/3, since the negative production associated with a flow
expansion vanishes when KR reaches −K/3. Equation (92) reflects an equilib-
rium state of MHD turbulence in this geometry. Once this state has been realized,
the flow expansion or compressibility makes no contributions to the Alfve´n-ratio
evolution, and the turbulence evolves according to the balance of the other evolu-
tion mechanisms intrinsic to incompressible MHD turbulence. In other words, the
value of Alfve´n ratio is determined by the expansion effect with the inner bound-
ary condition. However, once turbulence has fell into the state of rA ' 0.5, the
compressibility effects disappear, and turbulence shows a state stationary in space
according to the incompressible balances.
6.3.2. Cross helicity
The simulated cross helicity W is shown in Figure 4 with the comparisons with
the observations and with the previous work.
1.0
0.8
0.6
0.4
0.2
0.0
|W|/K
1086420
r (AU)
Figure 4. The radial evolution of the scaled turbulent cross helicity W . ◦: observations by Roberts et
al.[15]; ——: the present model; · · · · · · : the present model with enhanced shear. Previous work, - - -: Zhou
and Matthaeus[17]; — — —: Tu and Marsch[55]. For much recent work for comparison, the reader is
referred to Breech et al.[20]
The radial evolution of the cross helicity in the higher velocity shear shows bet-
ter agreement with the observations. The mean fields adopted in this work corre-
spond to a weak-shear case, while the observations were performed in situations
with stronger shears. Then, the tendency that the simulation results in the high-
shear case are in better agreement is preferable. This agrees with the observational
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findings that in the fast solar wind, which has a small velocity shear, the scaled
turbulent cross helicity |W |/K is kept large without decaying. In the simulation
with a weak shear, |W |/K is about 0.5 at 3 AU and about 0.3 at 10 AU, which are
kept relatively large values.
From this agreement of the numerical simulation with the observations, we see
that the algebraic-model expression for εW [Equation (28)] is good enough, as far
as the application to the solar wind is concerned.
6.4. Cross helicity and velocity shear
As was referred to in Section 6.1, the magnitude of the scaled turbulent cross
helicity |W |/K decays much in the slow-wind region where the velocity shear is
strong, while |W |/K decays less in the fast-wind region where the shear is weak.[52]
This basic tendency can be elucidated from the viewpoint of turbulence model
through a simple argument.
The behavior of |W |/K is governed by Equation (30). Among the terms, we pick
up the production-related terms which are directly connected to the mean-velocity
shear as
D
Dt
W
K
=
(
1
W
PW − 1
K
PK
)
W
K
− · · · . (94)
If we take the compressibility effect into consideration, the equation of K and
W are expressed as Equations (78) and (79). The production rates added by the
compressibility- or ∇ ·U-related terms in Equations (78) and (79) are given as
PK = −1
6
(3K +KR)∇ ·U + 7
10
Cβ
K2
ε
S2 − 7
10
Cγ
KW
ε
S :M, (95)
PW = −1
2
W∇ ·U + 7
10
Cβ
K2
ε
S :M− 7
10
Cγ
KW
ε
M2, (96)
where use has been made of Equations (71), (72), and (74) with time scale τ = K/ε.
We substitute Equations (95) and (96) into Equation (94) with the assumption that
the mean velocity shear is much larger than the mean magnetic shear:
S2  |S :M|, M2. (97)
Then, we have a contribution from the mean-velocity shear as
D
Dt
W
K
=
(
1
6
KR
K
∇ ·U− 7
10
Cβ
K
ε
S2
)
W
K
+ · · · . (98)
The first or ∇ · U-related term in the parentheses of Equation (98) represents
the expansion effect. In an expansion flow such as solar wind, ∇ · U > 0. The
residual energy KR in the solar wind is nearly equal to zero near the Sun, and
KR/K = −1/3 far from the Sun [Equation (87)]. So, the contribution from the
∇ ·U-related term is negative in the solar wind case. Namely, the expanding flow
coupled with KR ≤ 0 (the magnetic-energy dominance) leads to a decrease in the
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magnitude of W/K. Equation (98) can be rewritten as
D
Dt
W
K
=

− 7
10
Cβ
K
ε
S2W
K
+ · · · , (near the Sun)
−
(
1
18
∇ ·U + 7
10
Cβ
K
ε
S2
)
W
K
+ · · · . (far from the Sun)
(99)
Since both Cβ and K/ε are positive, in the presence of the mean-velocity shear,
irrespective of the sign of W/K, it works for a decrease in the magnitude of W/K.
If we scrutinize the large-scale velocity-shear effects on the production rate of
the turbulent cross helicity W , we see that whether W may increase or decrease
depends on the coupling of the mean velocity and magnetic-field shears [the second
or S : M-related term in Equation (96)]. At the same time, the turbulent MHD
energy K always increases in the presence of the mean-velocity shear [the second or
S2-related term in Equation (95)]. As this result, the magnitude of the turbulent
cross helicity scaled by the turbulent MHD energy, |W |/K, will decrease in the
presence of the mean-velocity shear in the primary sense. The present model reflects
this mechanism properly. So, this model is particularly promising for describing the
evolution of the solar-wind turbulence.
7. Conclusion
The evolution of turbulent cross helicity (W ≡ 〈u′ · b′〉) was investigated from
the viewpoint of generation and destruction mechanism of it. In particular, two
possibilities of expressing the dissipation rate of W , εW , were presented; (i) the al-
gebraic model and (ii) the evolution equation for εW . It was shown that both model
expressions can be systematically derived from the zeroth- and first-order calcula-
tions of the statistical analytical theory of inhomogeneous turbulence, respectively.
Validity of the model expressions was examined with the aid of a turbulence model
constituted by four one-point turbulent statistical quantities (the turbulent MHD
energy K, its dissipation rate ε, the turbulent cross helicity W , and the turbulent
residual energy KR). It was shown that, as far as the application to the solar-
wind turbulence is concerned, the algebraic model for εW with one model constant
gives results plausible enough. Dependence of the cross-helicity evolution on the
large-scale velocity structure was also discussed. In the context of the solar wind,
it was shown that both of flow expansion and large-scale velocity shear contribute
to decreasing the magnitude of the scaled cross helicity, which confirmed earlier
results.[18–20] More detailed expressions for the εW equation were also indicated
from the higher-order calculation of the statistical analytical theory of inhomoge-
neous turbulence.
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Appendix A. Mean magnetohydrodynamic (MHD) energy and cross-helicity
equations
The evolution equation of the turbulent cross helicity density 〈u′ · b′〉(≡ W ) is
written as Equation (11) with Equation (13). Since the total amount of the cross
helicity,
∫
V u · bdV , as well as that of the magnetohydrodynamic (MHD) energy,∫
V (u
2 + b2)/2dV , is an inviscid invariant of the MHD equation, we can draw a
clear picture for the W evolution. The production of the turbulent cross helicity
〈u′ · b′〉 arises from a kind of cascading process in turbulence as the sink or drain
of the mean cross helicity U ·B(≡WM).
This is an argument similar to the one for the evolution of the turbulent kinetic
helicity density 〈u′ · ω′〉 in the hydrodynamic (HD) turbulence. In the HD case,
the total amount of the kinetic helicity
∫
V u · ωdV , as well as that of the energy∫
V u
2/2dV , is an inviscid invariant. In the HD case, such a clear picture was pre-
sented with the evolution equations of the turbulent and mean helicity densities,
〈u′ · ω′〉 and U ·Ω.[43]
In order to see the evolution picture of the MHD energy and cross helicity clearly,
here we write down the equations of the mean MHD energy and cross helicity
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densities:
KM ≡ (U2 + B2)/2, (A1)
WM ≡ U ·B. (A2)
From mean velocity and magnetic field equations (67) and (68), the evolution
equations of the mean MHD energy and cross-helicity densities, KM and WM, are
obtained as (
∂
∂t
+ U · ∇
)
GM = PGM − εGM + TGM (A3)
with GM = (KM,WM). Here, PGM, εGM, and TGM are the production, dissipation,
and transport rates of the mean MHD energy and cross helicity, respectively. They
are defined by
PKM = +Rab∂U
b
∂xa
+ EM · J = −PK , (A4a)
εKM = ν
(
∂Ua
∂xb
)2
+ λ
(
∂Ba
∂xb
)2
, (A4b)
TKM = TKMT + TKMB, (A4c)
PWM = +Rab∂B
b
∂xa
+ EM ·Ω = −PW , (A5a)
εWM = (ν + λ)
∂Ua
∂xb
∂Ba
∂xb
, (A5b)
TWM = TWMT + TWMB. (A5c)
Here in the transport-rate terms, TKMT and TWMT are the genuine transport rates
of the mean MHD energy and cross helicity given by
TKMT = ∇ · (−U :R+ EM ×B) , (A6)
TWMT = ∇ · (−B :R+ EM ×U) (A7)
[(U :R)α = U bRbα and (B :R)α = BbRbα]. We have dropped the ν- and λ-related
terms in Equations (A6) and (A7).
On the other hand, TKMB in Equation (A4c) and TWMB in Equation (A5c) are
the transport rates arising from the inhomogeneities along the mean magnetic field
B and from external force. If we have some inhomogeneity along the mean magnetic
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field, these terms work as a kind of generation mechanism for the large-scale MHD
energy and cross helicity. These terms can be written as
TKMB = B · [∇ (U ·B)] + U · (F−∇PM) , (A8)
TWMB = B ·
[
∇
(
U2 + B2
2
)
+ F−∇PM
]
. (A9)
We should note that the production rates of the mean MHD energy and cross
helicity, PKM [Equation (A4a)] and PWM [Equation (A5a)], are exactly the same
as the counterparts of the turbulent MHD energy and cross helicity, PK [Equa-
tion (12a)] and PW [Equation (13a)], respectively, with the reversed sign. This
shows the productions of the turbulent MHD energy 〈u′2 + b′2〉/2 and cross he-
licity 〈u′ · b′〉 correspond to the sinks or drains of the large-scale MHD energy
(U2 +B2)/2 and cross helicity U ·B. In this sense, the evolution of these turbulent
quantities are subject to a kind of cascade process in turbulence.
Appendix B. Turbulent cross-helicity expression based on the TSDIA
In terms of the Elssasser variables
φ = u + b, ψ = u− b, (B1)
the magnetohydrodynamic (MHD) equations of the incompressible fluid can be
written as
∂φ
∂t
+ (ψ · ∇)φ = −∇pM + ν∇2φ, (B2)
∇ · φ = 0, (B3)
and the counterparts obtained by the interchange of φ↔ ψ. Here, pM (= p+b2/2)
is the MHD pressure. We have assumed the difference between the viscosity and
magnetic diffusivities are small compared to the sum of them and neglect the
former, putting ν = η. As for the extension of the Elssasser formalism to the
compressible case, the reader is referred to [56] (and also [29] in the context of
turbulence).
In the two-scale direct-interaction approximation (TSDIA) formalism, we intro-
duce two-scale variables: the fast and slow variables as
ξ(= x), X(= δx); τ(= t), T (= δt). (B4)
As this result, the spatial and time derivatives are written as
∇ = ∇ξ + δ∇X;
∂
∂t
=
∂
∂τ
+ δ
∂
∂T
. (B5)
This shows the property of derivative expansion with respect to the slow variables
with δ being the scale parameter. With the aid of Equation (B4), we separate the
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fast variation of fluctuation from the slow variation of mean as
f = F (X;T ) + f ′(ξ,X; τ, T ). (B6)
The Elssasser variables are divided into means and fluctuations as
φ = Φ + φ′, ψ = Ψ +ψ′. (B7)
We substitute Equation (B7) into Equations (B2) and (B3) in a rotating system
with the angular velocity of ΩF. With Equations (B4)-(B6), the governing equation
for the lowest-order fields in δ is written in the wavenumber space as
∂φ′a0 (k; τ)
∂τ
+ νk2φ′a0 (k; τ)
−iZabc(k)
∫∫
δ(k− p− q)dpdq ψ′b0 (p; τ)φ′c0 (q; τ)
= −i(k ·B)φ′a0 (k; τ)− dbcΩbFDad(k)
(
φ′c0 (k; τ)ψ
′c
0 (k; τ)
)
, (B8)
and the ψ counterpart. Here, B is the mean magnetic field, Dab(k)(= δab−kakb/k2)
the projection operator, and Zabc(k) = kaDbc(k). Hereafter we suppress the depen-
dence on the slow variables, X and T , except when necessary. In Equation (B8),
the MHD-pressure term has been eliminated by using the Poisson equation for it.
The equation for the first-order field is given as
∂φ′aS1(k; τ)
∂τ
+ νk2φ′aS1(k; τ)
−iZabc(k)
∫∫
δ(k− p− q)dpdq ψ′b0 (p; τ)φ′cS1(q; τ)
= −Dac(k)ψ′b0 (k; τ)
∂Φc
∂Xb
− Dφ
′a
0
DTI
+Bb
∂φ′a0 (k; τ)
∂XbI
+idbcΩbF
kc
k2
Dad(k)
∂
∂XeI
(
φ′e0 (k; τ) + ψ
′e
0 (k; τ)
)
+idbcΩbF
kd
k2
Dae(k)
∂
∂XeI
(
φ′c0 (k; τ) + ψ
′c
0 (k; τ)
)
−i(k ·B)φ′aS1(k; τ)− dbcΩbFDad(k)
(
φ′cS1(k; τ) + ψ
′c
S1(k; τ)
)
. (B9)
Here, φ′S is the first-order field satisfying the solenoidal condition [See Equa-
tion (B13) later]. The ψ counterpart can be obtained by exchanging
φ↔ ψ, Φ↔ Ψ, φ′ ↔ ψ′, B↔ −B (B10)
in Equation (B9).
In Equation (B8) we consider the turbulence fields that is free from factors
generating the anisotoropy of fluctuations such as the rotation and the magnetic
field, and denote them the basic fields as φ′B and ψ
′
B. They obey equations similar
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to the homogeneous isotropic turbulence as
∂φ′aB (k; τ)
∂τ
+ νk2φ′aB (k; τ)
−iZabc(k)
∫∫
δ(k− p− q)dpdq ψ′bB(p; τ)φ′cB(q; τ) = 0. (B11)
Corresponding to this equation, we introduce the Green’s function
∂G′abφ (k; τ, τ
′)
∂τ
+ νk2G′abφ (k; τ, τ)
−iZacd(k)
∫∫
δ(k− p− q)dpdq ψ′c0 (p; τ)G′dbφ (q; τ, τ ′) = δabδ(τ − τ ′). (B12)
Using this Green’s function, we formally solve the first-order field as
φ′1(k; τ) = φ
′
S1(k; τ)− i
k
k2
∂φ′aB (k; τ)
∂XaI
(B13)
with
φ′aS1(k; τ) = −
∂Φc
∂Xb
Dcd(k)
∫ τ
−∞
dτ1 G
′ad
φ (k; τ, τ1)ψ
′b
B(k; τ1)
−
∫ τ
−∞
dτ1 G
′ab
φ (k; τ, τ1)
Dφ′bB(k; τ1)
DTI
+Bb
∫ τ
−∞
dτ1 G
′ac
φ (k; τ, τ1)
∂φ′cB(k; τ1)
∂XbI
+idbcΩbF
kc
k2
Ddf (k)
∫ τ
−∞
dτ1 G
′af
φ (k; τ, τ1)
∂
∂XeI
[
φ′eB(k; τ1) + ψ
′e
B(k; τ1)
]
+idbcΩbF
kd
k2
Dae(k)
∫ τ
−∞
dτ1 G
′ab
φ (k; τ, τ1)
∂
∂XeI
[
φ′cB(k; τ1) + ψ
′c
B(k; τ1)
]
. (B14)
The turbulent cross helicity is defined by
W =
〈
u′ · b′〉 = 〈(φ′2 −ψ′2)/4〉. (B15)
Multiplying Equation (B13) with Equation (B14) by φ′(k; τ) and averaging, we
integrate it over k. Then we obtain the expression for the turbulent cross helicity
as
W = 2I0{Qub}
−
[
I0
{
GS,
D
Dt
(Qub +Qbu)
}
+ I0
{
GA,
D
Dt
(Quu +Qbb)
}]
+
1
3
(Ω + 2ΩF) · [I−1 {GS,∇Hbu}+ I−1 {GA,∇Huu}]
−B · [I0 {GS,∇ (Quu +Qbb)} − I0 {GA,∇ (Qub +Qbu)}] , (B16)
where use has been made of the abbreviated form of integrals [Equation (38)]. Here
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we have introduced the statistically isotropic Green’s function〈
Gabϑ (k; τ, τ
′)
〉
= δabGϑ(k; τ, τ
′) (B17)
with ϑ = (φ, ψ), and defined the mirrorsymmetric and anti-mirrorsymmetric parts
of Gφ and Gψ, GS and GA, by
GS(k; τ, τ
′) = (1/2)
[
Gφ(k; τ, τ
′) +Gψ(k; τ, τ ′)
]
, (B18a)
GA(k; τ, τ
′) = (1/2)
[
Gφ(k; τ, τ
′)−Gψ(k; τ, τ ′)
]
. (B18b)
Appendix C. Suggestions from higher-order terms
We consider situations where the time scales are mirrorsymmetric. In such a case,
the GA-related terms may be dropped. If we retain only the GS-related terms in
Equation (B16), W is expressed as
W = 2I0{Qub} − I0
{
GS,
D
Dt
(Qub +Qbu)
}
+
1
3
(Ω + 2ΩF) · I−1 {GS,∇Hbu} −B · I0 {GS,∇ (Quu +Qbb)} . (C1)
Here, Quu, Qbb, and Hbu are the spectral functions of the turbulent quantities at
the lowest order, which are defined in terms of the basic or lowest-order fields u′B
and b′B as
1
2
〈
u′B
2 + b′B
2
〉
= 2
∫
[Quu(k; τ, τ) +Qbb(k; τ, τ)]dk, (C2)
〈
b′B · ω′B
〉
=
∫
Hbu(k; τ, τ)dk. (C3)
In a manner similar to Section 4.2, we estimate the higher-order or the third and
fourth terms in Equation (C1). We assume the spectral functions of the turbulent
MHD energy and torsional correlation are written as
Quu(k,x; τ, τ
′, t) +Qbb(k,x; τ, τ ′, t) = σK(k,x; t) exp
[−ωK(k,x; t)|τ − τ ′|] , (C4)
Hbu(k,x; τ, τ
′, t) = σH(k,x; t) exp
[−ωH(k,x; t)|τ − τ ′|] . (C5)
Here, σK and σH are the power spectra of the turbulent MHD energy and torsional
correlation, respectively, and ωK and ωH reflect the time scales of fluctuations. (In
this Appendix C, the subscriptH denotes the cross torsional correlationHbu not the
residual helicity.) Note that in Equation (C4) we assumed the time-scale difference
between the velocity and magnetic fluctuations is negligible and denote both the
frequencies as ωK . The spectrum and frequency (reciprocal of time scale) of the
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turbulent MHD energy can be expressed in the form
σK(k,x; t) = σK0ε
2/3(x; t)k−11/3, (C6)
ωK(k,x; t) = ωK0ε
1/3k2/3 = τ−1W (C7)
(σK0, ωK0 are numerical factors). This corresponds to the Kolmogorov scaling of
the turbulent MHD energy.
We also assume the spectrum of the torsional correlation obeys a power law, and
put
σH(k,x; t) = σH0ε
−1/3(x; t)εH(x; t)k−11/3, (C8)
ωH(k,x; t) = ωH0ε
1/3
H k
1/3 = τ−1H . (C9)
This may be a strong assumption, but as far as the spectral indices are concerned,
they do not affect the final form of the dissipation-rate equation but only change the
model constants. Alternatively, we may consider that a finite torsional correlation
arises from the combination of the helicity and cross-helicity correlations such as
σH(k,x; t) = σH0ε
−4/3(x; t)εHu(x; t)εW (x; t)k−11/3 (C10)
(εHu: the helicity dissipation rate). In any case, we need further information on the
torsional correlation or helicity spectrum, which so far we can not fully utilized.
So, in this work, we assume the simple forms of Equations (C8) and (C9), and see
the consequence.
We substitute Equations (C6) and (C8) with Equations (C7) and (C9) into the
higher-order contributions in Equation (C1). Then we have
−B · I0 {GS,∇ (Quu +Qbb)}
= B ·
∫
dk
∫ τ1
−∞
dτ1GS(k,x; τ, τ1, t)∇ [Quu(k,x; τ, τ1, t) +Qbb(k,x; τ, τ1, t)]
= −Ba
∫
dk
[
1
ωS + ωK
∂σK(k,x; t)
∂xa
− σK(k,x; t)
(ωS + ωK)2
∂ωK(k,x; t)
∂xa
]
, (C11)
1
3
(Ω + 2ΩF) · I−1 {GS,∇Hbu}
=
1
3
(Ωa + 2ΩaF)
∫
k−2dk
∫ τ1
−∞
dτ1GS(k,x; τ, τ1, t)∇Hbu(k,x; τ, τ1, t)
=
1
3
(Ωa + 2ΩaF)
∫
k−2dk
×
[
1
ωS + ωH
∂σH(k,x; t)
∂xa
− σH(k,x; t)
(ωS + ωH)2
∂ωH(k,x; t)
∂xa
]
. (C12)
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From Equations (C7) and (C9), we construct synthesized time scales as
1
τSK
=
1
τS
+
1
τK
= ωS(k,x; t) + ωK(k,x; t)
= (ωS0 + ωK0) ε
1/3k2/3 ≡ ωskε1/3k2/3, (C13)
1
τSH
=
1
τS
+
1
τH
= ωS(k,x; t) + ωH(k,x; t)
= ωS0
[
1 +
ωH0
ωS0
(
εH/k
ε
)1/3]
ε1/3k2/3 ' ωshε1/3k2/3. (C14)
Namely, for the simplicity of argument, we assume that the time scales of turbulence
are determined primarily by the energy transfer rate ε. If we substitute these
expressions (C13) and (C14) for ωS + ωK and ωS + ωH into Equations (C11) and
(C12), respectively, we have
−B · I0 {GS,∇ (Quu +Qbb)}
=
1
(2pi)1/3
σK0
ωsk
ε1/3`
4/3
C B
a
×
[(
−2
3
+
1
2
ωK0
ωsk
)
1
ε
∂ε
∂xa
−
(
11
3
+
ωK0
ωsk
)
1
`C
∂`C
∂xa
]
, (C15)
1
3
(Ω + 2ΩF) · I−1 {GS,∇Hbu}
=
1
15(2pi)7/3
σH0
ωsh
ε−2/3εH`
10/3
C (Ω
a + 2ΩaF)
{
−1
ε
∂ε
∂xa
+[3−AH(ωS0, ωH0)] 1
εH
∂εH
∂xa
+ [11 +AH(ωS0, ωH0)]
1
`C
∂`C
∂xa
}
(C16)
with
AH(ωS0, ωH0) ≡ 30
33(2pi)1/3
ωH0
ωsh
(
εH`C
ε
)1/3
. (C17)
Using an algebraic relation between `C and K:
K = 3(2pi)1/3σK0ε
2/3`
2/3
C (C18a)
or
`C = 3
−3/2(2pi)−1/2σ−3/2K0 ε
−1K3/2, (C18b)
we express Equations (C15) and (C16) partly in terms of K instead of `C. Then
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we have
−B · I0 {GS,∇ (Quu +Qbb)}
=
1
(2pi)1/3
σK0
ωsk
ε1/3`
4/3
C B
a
×
[
1
3
(
1 +
1
2
ωK0
ωsk
)
1
ε
∂ε
∂xa
− 1
6
(
11
3
+
ωK0
ωsk
)
1
K
∂K
∂xa
]
, (C19)
1
3
(Ω + 2ΩF) · I−1 {GS,∇Hbu}
=
1
15(2pi)7/3
σH0
ωsh
ε1/3`
4/3
C
(
εH`C
ε
)
[`C(Ω
a + 2ΩaF)]
×
{
−[12 +AH(ωS0, ωH0)]1
ε
∂ε
∂xa
+ [3−AH(ωS0, ωH0)] 1
εH
∂εH
∂xa
+
[
33
2
+
3
2
AH(ωS0, ωH0)
]
1
K
∂K
∂xa
}
. (C20)
Equations (C19) and (C20) show that, in addition to the terms in Equation (62),
the cross-helicity dissipation equation may contain the higher-order terms related
to the mean magnetic field B and the mean vorticity Ω (and the angular velocity
ΩF) such as
− ε
K
(B · ∇)K, (B · ∇) ε, K1/2 (Ω · ∇)K, −K
3/2
ε
(Ω · ∇) ε. (C21)
Model constants for these terms can be estimated by time scales of turbulence, ωS,
ωK , and ωH . At the same time, inhomogeneity of the cross-torsional correlation
〈b′ · ω′〉, which is related to the coupling of the helicity and cross helicity, may play
a certain role in the cross-helicity dissipation.
